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Abstract 

In this paper, we use characteristic classes of the canonical vector bundles 
and the Poincare dualality to study the structure of the real homology and 
cohomology groups of oriented Grassmann manifold G{k,n). Show that for 
A: = 2 or n < 8, the cohomology groups n), R) are generated by the 

first Pontrjagin class, the Euler classes of the canonical vector bundles. In 
these cases, the Poincare dualality: H''{G{k,n),H) — > Hj^i^n-k)-q{G{k, n) ,11) 
can be given explicitly. 



§1. Introduction 

Let G{k,n) be the Grassmann manifold formed by all oriented fc-dimensional 
subspaces of Euclidean space R". For any vr G G{k,n), there are orthonormal 
vectors ei, ■ ■ ■ , such that vr can be represented by ei A ■ ■ ■ A e^. Thus G{k, n) 
becomes a submanifold of the space A''(R"), thus we can use moving frame to study 
the Grassmann manifolds. 

There are two canonical vector bundles E = E{k,n) and F = F{k,n) over 
G{k,n) with fibres generated by vectors of the subspaces and the vectors orthogonal 
to the subspaces respectively. Then we have Pontrjagin classes Pi{E) and Pj{F) with 
relationship 

(1 + - -Oil + - •■) = !• 
If or n — is even number, we have Euler classes e{E) or e{F). 
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The oriented Grassmann manifolds arc classifying spaces for oriented vector bun- 
dles. For any oriented vector bundle t: E, ^ M with fibre type R'^, there is a map 
g: M — > G{k,n) such that ^ is isomorphic to the induced bundle g*E{k,n). If 
the maps gi, 92' M — > G{k,n) are homotopy, the induced bundles glE{k,n) and 
g2E(k, n) are isomorphic. Then the characteristic classes of the vector bundle r are 
the pullback of the characteristic classes of the vector bundle E{k,n). 

In this paper, we use characteristic classes and the Poincare dualality to study the 
real homology and cohomology groups of oriented Grassmann manifolds. The char- 
acteristic classes of the canonical vector bundles can be represented by curvatures 
and are harmonic forms on the Grassmann manifolds, see [7], [8], [13]. For A; = 2 or 
n < 8, we show that the cohomology groups H*(G{k, n), R) are generated by the first 
Pontrjagin class pi{E) and the Euler classes e{E{k, n)), e{F{k, n)) if k or n — k are 
even. In these cases, the Poincare duality: n), R) Hk(n-k)-q{G{k,n),Il) 

can be given explicitly. 

In §2, we compute volumes of some homogenous spaces which are needed in later 
discussion. In §3, we study the Poincare duality on oriented compact Riemannian 
manifolds. The results are 

Theorem 3.1 Let </?i, • • • , be a basis of the cohomology group if^(M) rep- 
resented by harmonic forms. Then (■^i, • • • , ■0^) = {*ipi, • • • , *(pk)A~^ is a basis of 
//"-«(M), where Uij = i(pi,(pj). The Poincare duality D: Hi{M) Hn-q{M) is 
given by 

D{ip^) = m, 

where [Ti] , ■ ■ ■ , [T^] G iJ„_g(M, R) are the dual of Furthermore, if 

[Si], • • • , [Sk] are the dual basis of 931, • • ■ , ipk, then 

The Poincare polynomials of Grassmann manifold G{k,n) for k — 2 and n < 8 
are listed in §3, which give the structure of real homology and cohomology groups 
of Grassmann manifold. In §4, we show that the tangent space of Grassmann man- 
ifold is isomorphic to tensor product of the canonical vector bundles. Then we use 
the splitting principle of the characteristic class to study the relationship among 
these vector bundles, show that the characteristic classes of the tangent bundle on 
Grassmann manifold can be represented by that of canonical vector bundles. 

In §5, we study G(2, iV), the main result are the following 

Theorem 5.5 (1) When 2A; + 2 < A^, [CP''] and e^(E(2, N)) are the generators 
of H2kiG{2, N), Z) and H^''{G{2, N), Z) respectively; 

(2) When 2A; + 2 > A^, [^(2, k + 2)] and |e'=(£;(2, N)) are the generators of 
H2k{G(2,N),Z) and H^''(G{2, N),Z) respectively; 
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(3) When 2A; + 2 < iV, D{e^{E{2, N))) = [G{2,N - k)]; when 2k + 2 > N, 

D{\e^{E{2,N))) = (-l)"-fc[CP"-'=-2]; 

(4) [CP"], [CF'] and i{(-l)"e"(E(2, 2n + 2)) ± e(F(2, 2n + 2))} are generators 
of H2n{G{2, 2n + 2), Z) and H^''(G(2, 2n + 2), Z) respectively. Furthermore, 

D{^[{-1)V{E{2, 2n + 2)) + e(F(2, 2n + 2))]) = [CP^, 

^(^[(-l)"e'^(^(2, 2n + 2)) - e(P(2, 2n + 2))]) = [CP"]. 

In §6, we study the Grassmann manifold G(3, 6), the main result are 

Theorem 6.1 (1) |pi(-E'(3, 6)) G H'^{G{3, 6), Z) is a generator and its Poincare 
dual [SLAG] is a generator of i/5(G(3, 6), Z); 

(2) ^ *pi(P(3, 6)) G H\G{3, 6), Z) is a generator and its Poincare dual [^(2, 4)] 
is a generator of H4[G{3, 6), Z). 

In §7, §8 we study the Grassmann manifold G{3, 7) and (7(3, 8), the main results 
are Theorem 7.5 and 8.4. In §9, we study G(4, 8), the main results are 

Theorem 9.4 (1) e{E), e{F), ^PiiE) + e{E) - e{F)) e H\G{A, 8), Z) are the 
generators, their dual generators are [CP\ [*CP\ [^(2,4)] e Hi{G{A,S), Z); 

(2) |e3(E), ie3(P), \pi{E) and [^(4, 7)], [G(3, 7)], [GAY] are the generators of 
i/i2(G(4^ 8), Z) and //i2(G'(4, 8), Z) respectively; 

(3) The Poincare duals of e{E), e{F), ^ipiiE) + e{E) - e{F)) are 

[G(4, 7)], [G(3, 7)], [GAY] + [G(4, 7)] - [G(3, 7)] 

respectively. 

Theorem 9.5 The characteristic classes 

\{e\F) +ME)e{F)), l(e^(P) -ME)e{F)), 

l{e\E) +p,{E)e{E)), ^{e\E) - pm<E)) 
are the generators of H^{G{A, 8), Z). Their Poincare duals are 

[ASSOG], [ASSOG], [*ASSOG\, [* ASSOC] 

respectively. 

As application, in §5 and §9, we consider the Gauss maps of submanifolds in 
Euclidean spaces. For example, ii g: M — > G(4, 8) is the Gauss map of an immersion 
/: M — > of a compact oriented 4 dimensional manifold, we have 

g,[M] = \x{M)[G{A, 5)] + A[G(1, 5)] + ^-Sign{M)[G{2, 4)], 
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where \ = \ Jm ^(-^(4, 8)) and Sign{M) be the Signature of M. A = if / is an 
imbedding. 

In §10 we use Gysin sequence to compute the cohomology of the homogenous 
space ASSOC — G2/SO{A), which had been studied by Borel and Hirzebruch [4]. 

The structure of the cohomology groups of infinite Grassmann manifold G{k, R°°) 
are simple, they are generated by Pontrjagin classes and the Euler class (if k is even) 
of the canonical vector bundle freely, see [12], p. 179. 



§2. The volumes of homogenous spaces 

Let ei, 62, ■ • ■ , Cn be orthonormal frame fields on R" such that G{k, n) be gener- 
ated by Ci A • • • A Cfc locally. The vectors Ci, 62, ■ ■ ■ , e„ can be viewed as functions on 

n 

Grassmann manifold. Let de^ = ^a^b, — (de^, ^b) be 1 forms on G(/c, n). 

B=l 

Prom d^CA — 0, we have do;^ — u^a ^ ^c- ^y 

c=i 

k n 

d(ei A • ■ ■ A Cfc) = ^ Yl '^i^ia, 

i=l a=k+l 

Eia = ei • • • ei-iCaCi+i • ■ ■ Cfc, i = 1, - ■■ ,k, a = /c + 1, • • • , n, 
we know form a basis of Te^...e^,G{k, n), a;" be their dual basis. 

k n 

ds' = (d(ei A • • • A e,), d(ei A • • • A e,)) = E E «)' 

i=l a=k+l 

is the induced metric on G{k, n). Differential Eia = ci ■ ■ ■ ei-iCaGi+i • • • e^, by Gauss 
equation, we get the Riemannian connection V on G{k,n), 

k n 

VEia = E + E ''aEifi. 

j=l /3=k+l 

Grassmann manifold G{k,n) is oriented, the orientation is given by the volume 
form 

cx;*^+^ A 0;^+^ A • • • A 0;^+^ A • • • A o;^ A o;^ A • • • A a;^. 

Por later use we compute the volume of some homogenous spaces, such as real 
Grassmann manifold G{k,n), complex Grassmann manifold Gc{k,n) and SLAG = 
SU{n)/ SO{n). We first compute the volume of special orthogonal group SO{n). 
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Let gl{n, R) be the set of all n x n real matrices with the inner product 
{X, Y) = tr {XY') = Yl XabYab, X = {Xab),Y = {Ycd) e gl{n, R). 



A,B 

Then gl{n, R) is an Euclidean space and SO{n) is a Riemannian submanifold of 
gl{n, R). Represent the elements of SO{n) hj G = (ei, ■ ■ ■ , e„)*, where the 74- 
th row of G. The vectors be viewed as functions of SO{n), then 
= (deAjCs) = dcA ■ e^B ^ forms on SO{n), uj^ + uj^ = 0. Let Esc be the 
matrix with 1 in the B-th row, C-th column, the others being zero. We have 

dGG-' = = Yl ^aEab, dG^Yl ^IEabG = ^ '^1{Eab - Eba)G. 

A,B A,B A<B 

Then {{Eab - Eba)G} is a basis of TaSOin) and 

ds^ = {dG, dG) = 2 ^ a;f ® 

A<B 

is Riemannian metric on SO{n). 

Proposition 2.1 The volume of SO{n) is 

V{SO{n)) = 25("-i)T/(5"-i)y(5C>(n - 1)) = 23"("-^V(5"-^) • • • V{S^). 

Proof Let Cn = (0, ■■■,0, 1) be a fixed vector. The map t{G) = CnG = e„ 
defines a fibre bundle r: SO{n) — > 5*""^ with fibres SO{n — 1). By de„ = X) ^n^Ai 

dVgn-^ 

is the volume element of 5*"^^. The volume element of SO{n) can be represented by 

restricting (-\/2)5("-i)("-2) f]^^^^^ o;^ on the fibres of r are the volume elements of 
the fibres. Integration dVso{n) along the fibre of r first, then on 5"""^, these shows 

V{SO{n)) = 25(— i)l^(5"-^)l^(50(n - 1)). □ 

m + l 

As we know V{S"') = 

^^"^ ^"(^r^' ^^"^ ^" (2n)! ■ 
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To compute the volume of G{k,n), we use principle bundle SO{n) — > G{k,n) 
with the Lie group SO{k) x SO{n — k) as fibres. The proof is similar to that of 
Proposition 2.1. 

Proposition 2.2 The volume of Grassmann manifold G{k,n) is 



2^''^''-^W{S0{k))V{S0{n-k)) V{S^-^)---V{S^) 
By simple computation, we have 

y(G(2,n + 2)) = ^^, y(G'(3,6)) = V, 

^(^(S, 7)) = -7^^ ^(^(S, 8)) = -7r«, y(G'(4, 8)) = ^7r«. 

Now we compute the volume of complex Grassmann manifold Gc{k, n). Let J be 
the natural complex structure on C" = R^" and si, ■ ■ ■ , be Hermitian orthonormal 
basis of TT e Gc{k,n). Let e2i-i, e2i — Je2i-i £ R-^" be the realization vectors of 
Sj, Si respectively. Then 6162 • ■ ■ e2k-ie2k £ G{2k,2n), and Gc{k,n) becomes 
a submanifold of G{2k, 2n). 

Let U{n) = {G G gl{n, C) | GG* = /} be the unitary group, the Hermitian inner 
product oiX = (Xab), Y = (Ycd) e 9l{n, C) be 

{X, Y) = tr (XF*) = XabYab. 

A,B 

Let G = (si, ■ • ■ , s„)* e [/(n) represented by the rows of G, = {dsA, sb) = dsA-s^ 
be 1 forms on U{ri). Let = V'a + V~-^'^a- Ftom + oJg = we have 
ip^ + ifi^O, ^^-^Ij^^O. Then 

dG = ^ lj^EabG 

A,B 

= ^ (^:^(£;^b-£;b^)g + v^{^ V'f(^As + £^BA)G + ^ Va^^aG}, 

A<B A<B A 

and 



ds^ = (dG, dG) = 2 ^ (^^ ® (^f + V'f ® V'f ) + E V'i ® V'i 

yl<B A 

is Riemannian metric on U{n). The volume element is 

dyf;(„) = 2H-ivj...V': n 
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Proposition 2.3 (1) The volume of U{n) is 

V{U{n)) = 2"- V(5'"-^)T/(C/(n - 1)) = 2^"("-^V(>S'"-^)y(>5'"-^) • • • V(S^); 

(2) As Riemannian submanifold of G{2k, 2n), the volume of Gc{k, n) is 

VilJin)) 



V{Gc{k,n)) 



V{U{k))V{U{n - k))' 



Proof Let e„ = (0, ■ ■ • , 0, 1) be a fixed vector. The map t{G) = CnG = Sn defines 
a fibre bundle r: U (n) — > S'^'^~^ with fibre type U{n — 1). Prom ds„ = Yj ^n^A and 
'^n — V'n + "n/"! V'n ' '^n — 0' ^^^^ volume element of S'^'^~^, 

Then the volume element of U (n) can be represented by 



These prove (1). 

As noted above, the map [si • • • Sk] i— > 6162 • • • e2k-ie2k gives an imbedding of 
Gcik, n) in Gi2k, 2n). FYom ds^ = E c^fs, + E u;f s,, = + v^^f , = 

j=l a=k+l 

(ff + , we have 

k n 

de2i-i = i^i^^j-i + ^ie2j) + J2 «e2a-i + Ce2a), 

j=l a=k+l 
k n 

3=1 a=k+l 

Then 

d(eie2 • • • e2fe-ie2fc) = ^ (£'21-120-1 + -E'2i2a) + X] '4^?{^2i-12a — E2i2a-l), 

i,Oi 

dVG,^k,n) = 2'=("-'=)(^^vr' • • • ^m- 

The rest is similar to that of Proposition 2.1. □ 

The symmetric space SLAG = SU{n) / SO{n) can be imbedded in G{n,2n) 
as follows. Let 62^-1,621 = Je2i-i, i = l,---,n, be a fixed orthonormal basis of 
Qu ^ i^2n^ ^ ^ {^(eiea • • • e2n-i) | G E SU(n) C ,SO(2n)} is diffeomorphic to 
SLAG ^ SU(n)/SO{n). 



7 



Proposition 2.4 (1) The volume of special unitary group SU{n) is 
V{SU{n)) = 2^-\I^^V{S^''-')V{SU{n - 1)); 



n — 1 



(2) The volume of M = SLAG is 

V{M) 



V{SU{n)) 
V{SO{n))' 



Proof The proof is similar to Proposition 2.1. Let G = (si, • • • , Snf G SU{n), 
ujf = dsA ■ s^B- I^om detC = 1 we have E o;^ = 0, then C = - E ^1- The 



A=l 



Riemannian metric on SU (n) is 



A<B 



I 2 1 



1 \ 



1 2 ••• 1 
VI 1 ••• 2/ 



Then 



The volume of special unitary group SU (n) is 

V{SU{n)) = 2"-^ 



n 



n-1 



V{S'^-^)V{SU{n-l)). 



Let e2A-i, ^2A = J^2A-i be the realization vectors of sa, \/—1sa respectively. 
M — SLAG is generated by G(eie3 ■ • • e2n-i) = eiCa • • • e2n-i, 

d(eie3 • • • e2n-l) = E 3(^23-123 - -E2„-12n) + E i^A{E2A-12B + E2B-I2A), 

A<B 

ds2 = 2E^f®V'f + 2EV'f«'V'l+ E V'f«)V'c- 

A<3 By^n 3^C<n 



Then 



= 2i"("-i)x/^^j • • • n • 



A<3 
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Let r: SU (n) ^ M he the projection, the fibre of r at 6163 ■ ■ ■ e2n-i is the group 

k . n 

SO{n). Restricting dsj — ^ ojlsj -\- ^^fSa on the fibre of r, we have — 

j=l a=k+l 

and ipj — 0, then dVso{n) — 24"("~^) nA<B '^a is the volume element of the fibres. 
These completes the proof. □ 



§3. The Poincare duality 

Let M be a compact oriented Riemannian manifold and Hg{M) = Hq(M, R) its 
g-th singular homology group, H'^{M) = H'^{M, R) be the g-th de Rham cohomology 
group. For any [^] e H'^{M) and [z] = [J2 AiCTj] e Hq{M), we can define 

[^](N) = / ^ = E e^E^J, 

Jz Jui JAi 

where every singular simplex af A'^ ^ M is differentiable. If [^] G H'^{M, Z) and 
[z] e Hq{M, Z), we have G Z. By universal coefficients Theorem, we have 

H^iM, R) ^ Hom {Hq{M, R), R), 

and 

H'i{M, Z) = Hom (//^(M, Z), Z) ® Ext {Hg_i{M, Z), Z). 
On the other hand, we have Poincare duality 

D: H\M, R) ^ Hn-q(M, R), n = dimM. 

For any [^] e //^(M), D[^] G i7„_g(M), we have 

for any [r/] G i/"-9(M). 

In the following, we use harmonic forms to represent the Poincare duality. Let 
</7i, • • • , </7fe be the basis of if*(M) and [T^] — D((pi) be their Poincare duals. By 
Hodge Theorem, we can assume that • • • , ^^fc are all the harmonic forms on M. 
Then *(pi, • • • , *(pk are the harmonic forms on M and form a basis of H^~'^[M). Let 

ttij = {ipi, ipj) = / {ipi, ipj) dVM = *(Pj 
Jm Jm 

be the inner product of differential forms ^Pi,ipj. Let ipi, ■ ■ ■ jipk be the dual basis 
of [Ti], • • • , [Tk], also represented by harmonic forms. Assuming ipj = J2 *^ibij, by 
Poincare duality, 

JTi Jm Jm 
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This shows ipij) = {aij) ^ = A ^, we have 

(V'l, • • • , V'ifc) = *'Pk)A~'^- 

Theorem 3.1 Let (fi, - ■ ■ ,(fk be a basis of the cohomology group H'^{M) rep- 
resented by harmonic forms. Then [ipi, ■ ■ ■ jipk) = ■ ■ ■ , *(fk)A^^ is a basis of 
//"-"(M), where aij = {(pi,(pj). The Poincare duality D: H%M) H^-qiM) is 
given by 

where [Ti] , • • ■ , [T^] e if„_g(M, R) are the dual of -01, •••,'0^. Furthermore, if 
[5"!], • • • , [Sk] are the dual basis oi (pi, ■ ■ ■ ,(pk, then 

Proof The equations = follow from * * = {-ly^^'-i^^i 

and {(fi, (pj) = □ 

Theorem 3.1 can be applied to the Poincare duality D: H'^{M, Ti) Hn-q{M, Z) 
if we ignore the torsion elements of H'^{M, Z). 

The q-th Betti number is the common dimension of the real homology and coholo- 
mogy groups Hq[G{k,n)) and H'^{G{k,n)) (and is also the rank of Hq{G{k,n),Z) 
and H''{G{k,n),Z)). The Poincare polynomials, with the Betti numbers as coeffi- 
cients are given by the following Table (see[7], [8]). 



Grassmannian 


Poincare polynomial 


^(1,71+1) 


1 + r 


G(2,2n + 1) 


i + t' + t^ + --- + i^"-^ 


G(2,2n + 2) 


(i + t"")(i + t" + --- + t"") 


G(3,6) 


(l+t4)(l+t5) 


G(3,7) 


{l + t^ + t^){l + t^) 


^(3,8) 


{l + t^ + f)il + f) 


G{ L 8) 


{i + f' + r){i + f')- 



§4. The vector bundles on G{k,n) 

Let Ti: E{k,n) — > G{k,n) be the canonical vector bundle on Grassmann man- 
ifold G{k,n), the fibre over tt G G{k,n) be the vectors of tt. E — E{k,n) is a 
Riemannian vector bundle with the induced metric. Let ei, • • • , e^, e^+i, • • • , e„ be 
orthonormal frame fields on R", G{k, n) is locally generated by ei • • • = ei A- • -Acfe. 
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Then ei, ■ ■ ■ , are local orthonormal sections of the vector bundle Ti. From de^ = 

k . n k . 

J2 i^i^j + ^t&ai we know that Vei—Y, ^l^j defines a Riemannian connec- 

j=l a=k+l 3=1 

k , k , 

tion on ti. From V^e^ = J2 (dc^i ^ A uJi)ej, we have curvature forms 

j=i 1=1 

k n 
1=1 a=k+l 

The total Pontrjagin classes of the vector bundle ti: E —>■ G{k, n) are 
p{E) = 1 +P2{E) + ■■■ = det(/ + ^(^I)). 



If k is even, we have Euler class, 



Similarly, we can define vector bundle T2: F = F{k, n) — > G{k, n) on Grassmann 
manifold G{k,n), the fibre over ei • • • e/; e G{k,n) is the vectors orthogonal to 
ei,---,efc. Then eA;+i,---,e„ are local orthonormal sections of F. From dca = 

^a^fS + ^a^ii we have Riemannian connection Vcq, = X] <^a^/3- The 

I3=k+1 i=l P=k+1 

curvature forms are given by 

j=i i=i 
The total Pontrjagin classes of the vector bundle T2. F G{k, n) are 

p{F) = 1 +p2{F) + ■■■ = det(/ + ^i^^))- 

The direct sum E{k, n) © F{k, n) = G{k, n) x is trivial, we have 

{l+Pi{E) +P2{E) + •••)• {l+pi{F)+p2{F) + •••) = !. 

Then Pontrjagin classes of F are determined by that of E. For example, we have 

Pi{F) = -p,{E), P2{F)^pI{E)-P2{E), ps{F) = -pl{E) + 2p,{E)p2{E)-ps{E). 

Let *: A''(R") ^ A"~''(R") be the star operator, *G{k,n) = G{n - k,n) and the 
canonical vector bundles E{k,n), F{k,n) are interchanged under the map *. 
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Proposition 4.1 The tangent space TG{k,n) of Grassmann manifold is iso- 
morpliic to tensor product E{k, n) ® F{k, n). If k{n — k) is even, we have 



e{G{k, n)) = e{E{k, n) ® F{k, n)). 

Proof Let ei, 62, ■ ■ ■ , Cn be an oriented orthonormal basis of R", the fibre of 
E{k, n) over x = ei A ■ ■ ■ A G G{k, n) is generated by ei, • • • , Cfc and the fibre of 
F{k, n) over x is generated by e^+i, • • • , e„. On the other hand, the tangent space 
TxG{k, n) is generated by E'l^ = ci A • • • A e^-i A Bq, A e^+i • • • A e^. It is easy to see 
that the map Ei^^ ® gives an isomorphism from tangent bundle TG{k, n) to 
tensor product E ® F. 

It is easy to see that the isomorphism TG{k,n) — > E{k,n) (g) F{k,n) preserves 
the connections on TG{k, n) and E®F respectively, where the connection on E^F 
is 



Vie, 



y = E 



5a + E 
a=k+l 



□ 



In the following we use the splitting principle of the characteristic class to study 
the relationship among these vector bundles. First we study the oriented Grassmann 
manifold G(2k,2n). Assuming Si,---,S2k be the orthonormal sections of vector 
bundle E{2k, 2n) such that the curvature of Riemannian connection has the form 



27r 



S2 



\ 



S2k-1 
V ) 



( -Xi 

xx 



v 



-Xfc 

y 



S-2 



\ 



S2k-1 
V S2k J 



The total Pontrjagin classes and the Euler class of £■ = E{2k, 2n) are 



p{E) ^^{1 + xD, e{E)^x,---Xk. 



Similarly assuming t2k+i, ^2fe+2, • • • , ^2n be the orthonormal sections of vector bun- 
dle F{2k, 2n), the curvature of Riemannian connection has the form 



27r 



f hk+l \ 
t2k+2 

hn-l 
V t2n J 



( 

Vk+i 



-Vk+i 






Vn 



-Vn 





t2k+2 

hn-l 
\ t2n ) 
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The total Pontrjagin classes and the Euler class of F = F{2k, In) are 



a=A;+l 

■S2i-i ® ha-i, S2i ® t2a~i, S2i-i ® t2a, S2i ® a^e the local orthonormal sections 
of vector bundle E ® F = TG{2k, 2n). The curvature of Riemannian connection on 
E ® F IS given by 



/ S2i-1 ® t2a-l \ 



( 



27r 



•S2i ® ^2a-l 














S2i-\ ® t2a 














\ S2i ® t2a 


J 




\ 


Va 


Xi 



\ 



( S2i-1 ® t2a-l \ 
S2i ® ^2a-l 
S2i-1 ® t2a 
\ S2i ® t2a I 



Then wc have 

Lemma 4.2 (1) e{TG{2k, 2n)) = e{E ® F) = Ui,a (x- - vl)] 
(2) p{TG{2k, 2n)) = p{E ® F) = (1 + 2{xj + yl) + (x? - y^f ). 
The other cases can be discussed similarly. 
By simple computation, we have 

Pi{TG{2k, 2n)) = (2n - 2k)pi(E) + 2kpi{F) = 2{n - 2k)pi(E). 

In particular, pi{TG{2kAk)) = 0. 
In next section, we shall show 

e(TG(2, 2n + 2)) = (n + l)e^"(F(2, 2n + 2)), 

e(TG(2, 2n + 3)) = (n + l)e^"+^(F(2, 2n + 3)). 

We can also show 

e(rG(3, 7)) = 3e^(F(3, 7)), e(TG(A, 8)) = 6e\E(A, 8)) = 6e^(F(4, 8)). 



§5. The cases of G{2, N) 

In this section, we study the real homology and cohomology of Grassmann man- 
ifold G{2,N). 

As is well-known, the oriented Grassmann manifold G{2, N) is Kaehlcr manifold 
and can be imbedded in complex projective space. Here we give a new proof. Let 
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ei, 62 be oriented orthonormal basis of tt e G(2, A^), ei i— >• 62, 62 1— >■ — ei defines an 
almost complex structure 

J: T^G{2,N)^T,G{2,N), 

Ela = A 62 1-^ -6q a 61 = E2a, = 61 A 6q 1-^ 62 A 6^ = --Bla- 

It is easy to see that J is well defined and preserves the metric on G{2,N). 

Proposition 5.1 G(2, N) is a Kaehler manifold with complex structure J. 

Proof Let V be the Riemannian connection on TG(2, N) defined above. We 
have 

(VJ)Eic. = V(JEia) - J(VEia) = 0, i = 1, 2. 
Hence, V J = 0, J is a complex structure and G(2, N) is a Kaehler manifold. □ 

The Euler classes of canonical vector bundles E — E{2, 2n+2) and F — F{2, 2n+ 
2) can be represented by 

1 2n+2 
a=3 



(-1)" 

^(-^) ^ fA ^n I XI £(«iQ;2 • • • a2n)^^aia2 A • • • A Q, 



0!2n-ia27j 



G(2, A; + 2) is a submanifold of G{2, 2n + 2) whose elements contained in a fixed 
k + 2 dimensional subspace of R^""*"^, i: G{2, k + 2) ^ G{2, 2n + 2) the inclusion. 
Then, E{2, k + 2) = i*E{2, 2n + 2) and e{E{2, k + 2)) = i*e{E{2, 2n + 2)). Let 
G(l, 2n+l) be a submanifold of G(2, 2n+2) with elements 6i Ae2, 62 = (0, • • • , 0, 1), 
j: G{1, 2n+l)^ G{2, 2n + 2) be the inclusion. 

Theorem 5.2 For Grassmann manifold G'(2, 2n + 2), we have 

(1) p,{F) = i-iypUE) = i-iye'^iE), g = 1, • • • , n; 

(2) The Pontrjagin classes and Euler class of tangent bundle TG{2, 2n + 2) can 
be represented by the Euler class of E, 

Pi{G{2, 2n + 2)) = 2{n - l)e''{E), ^2(^(2, 2n + 2)) = {2n'' -5n + 9)e\E), • • • , 

e(G(2,2n + 2)) = {n + l)e^''{Ey, 

(3) /G(i,2n+i) <F) = 2, /c(2,,+2) e'iE) = 2, k^l,---,2n. 

Proof For Grassmann manifold G{2, 2n + 2), we have pi{E) = e'^{E), Pn{F) — 
e\F). From {1 + pi{E)) ■ {1 + pi{F) + p2{F) + ■ ■ ■ + p^{F)) ^ 1, we have 

1 " 

1 +Pi{F) +p2{F) + • • • = = 1 + E 

L+Pi[E) 
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Hence, pg{F) = {-lypKE) = {-l)ie^i{E), p^{F) = e\F) = (-l)"e2"(S). These 
proves (1). 

By Lemma 4.2, note that Xi = e{E), the Euler class of G(2, 2n + 2) is 

e(rG'(2,2n + 2)) = {xj - yl){xl - yl) ■ ■ ■ {xf - yl^,) 

= - x^'^-'p^{F) + x'r'p2{F) - • • • + i-lTPniF) 
= (n + l)e'"(£;). 

By Gauss-Bonnet formula, we have 

X{G{2, 2n + 2)) = / e(G(2, 2n + 2)) = 2n + 2. 

JG(2.2n+2) 



Prom (1) and 



p{G{2, 2n + 2)) = n (1 + 2(x? + yl) + (x? - ylf), 

a=2 



we can prove (2). 

Restricting the Euler class e{E) on G(2, A; + 2), we have 



1 fc+2 

1 > Q, 



= T7- E /\ 



a;, 



2 • 



Then 



where d VG(2,k+2) is the volume element of G{2,k + 2). Then 

/ e*^(£;(2,2n + 2)) = 2, A;=l,---,2n. 

^G(2,fc+2) 

Restricting on G{1, 2n+ 1), — 0, we have 

e(F(l, 2n + 1)) = j*e(F(2, 2n + 2)) = ^J^o;? A A • • • A 

It is easy to see that e(F(l,2n + 1)) is the Euler class of the tangent bundle of 
g2n ^ 2n + 1) and 0;^ A 0;^ A • • • A uf^^'^ is the volume element. Hence by 
Gauss- Bonnet formula or by direct computation, we have 



/ /e(F(2,2n + 2))=2. 

■/G(l,2n+1) 
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Furthermore, from <^2 |G(i,2n+i) = and i^a/3|G(2,n+2) = for a, /3 > n + 2, we 
have 

/ j*e"(£;(2,2n + 2)) = 0, / i*e(F(2, 2n + 2)) = 0. 

iG(l,2ra+l) JG(2,n+2) 

By p'l{E{2, 2n + 2)) = e'^''{E{2, 2n + 2)), we have 

/ pt(^(2,2n + 2)) =2. □ 

JG{2,2k+2) 

The Poincare polynomial of G{2, 2n + 2) is 

Pt{G{2, 2n + 2)) = 1 + ^2 + . . . + i2n-2 ^ 2^2" + ^2n+2 + . . . + ^4n_ 

By Theorem 5.2, we have 

(1) For k^n, e^{E) e H^^(G{2, 2n + 2)), ^(2, + 2) e H2k(G(2, 2n + 2)) are 
the generators respectively; 

(2) e"(£;),e(F) e //2n((;;(2, 2n+2)) and ^(2, n+2), (7(1, 2n+l) e H2n(G(2,2n+ 
2)) are the generators. 

The characteristic classes e^{E), e{F) and the submanifolds G(2, /c + 2), G(l, 2n + 

1) are integral cohomology and homology classes respectively. But they need not 
be the generators of the integral cohomology and homology groups. For example, 
when k ^n, from JG{2,k+2) ^^^^) = 2 we know that [G(2, k + 2)]e H2k{G{2, 2n + 

2) , Z), e''{E) e H^''{G{2, 2n + 2), Z) can not be generators simultaneously. Now we 
compute icpfc i*e''(E(2, 2n + 2)) and Jcpn i*e(F(2, 2n + 2)). 

Let J be a complex structure on R^"^"*"^, r2A;+2 ^ j^2n+2 invariant under 
the action of J and CP*^ = {ciJci | ei G 5'^'^+^}. Let 61,62 = ^61, 620-1, 62a = 
J62Q-1, q; = 2, 3, ■ ■ ■ , A; + 1, be local Hermitian orthonormal frame fields on R^^+^. 
By d62 = Jd6i we have uf'^'^ = cu|", a;^" = -a;i"-\ then 

k+l k+1 

d(6i A 62) = ^ U;l''~\E,2a-l + E22a) + E ^^(^12a ' ^22a-l). 
a=2 a=2 

The oriented volume element of CP'' is dV = 2''ujf Auf A ■ ■ ■ A ujf'^'^. 
Let i: CP^ — >• G(2, 2n + 2) be inclusion, we have 

i*e\E) = {-if^ujl Au{a---A 

By Proposition 2.3, 

/ re^^;) ^ {-If. 
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J induces a complex structure on the induced bundle i*F CP". Let Fc be the 
complex vector bundle formed by the (1, 0)-vectors of i*F ^ C. By i*e{F) = Cn{Fc) 
(see [20]), we can show 

/ re(F) = / Cn{Fc) = 1, 

J CP" J CP" 

see also Chern [2]. 

Let J be a complex structure on R^^"*"^, the orientation given by J is opposite 
to that of J. Let CP = {v A Jv \ v E S'^'^'^^} be the complex projective space. The 
orientation on the vector bundle E{2, 2n + 2)|^fc are given by v, Jv, we have 

By Pk{E{2, 2n + 2)) = e^^{E{2, 2n + 2)), we have 

/ t*pk{E{2,2n + 2)) = l. 

Let Fc be the complex vector bundle formed by the (1, 0)-vectors of F ® C\-^". 
The orientation on realization vector bundle of Fc given by J is opposite to that of 
F|^p". Hence e(F|^p") = — c„(Fc) and we have 

These prove 

Proposition 5.3 (1) When k < n, we have 

[G{2, k + 2)]^ 2(-l)*^[CP'=] e H2k{G{2, 2n + 2)); 

(2) In the homology group H2n{G{2, 2n + 2)), we have 

[(7(2,71 + 2)] = (-ir([CP"] + [Qr]), 

[G(l,2n+1)] = [CP"] - [CP"]. 

For Grassmann manifold (7(2, 2n + 3), by the splitting principle of the character- 
istic classes, we can assume that there are oriented orthonormal sections Si,S2 and 
^4, ■ ■ ■ , ^2n+2, ^2n+3 of vcctor bundle E{2k, 2n + 3) and F(2, 2n + 3) respectively, 
such that 

2^^' {32) ^[x o)(s2)' 
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27r 



t3 

U 

^2n+l 
\ ^2n+3 / 



/ 
1/2 



-1/2 







Vn+l 



-Vn+l 





V 



^3 

hn+l 
t2n+2 
\ ^2n+3 / 



The total Pontrjagin classes of F are p{F) 



yl) 



n+l 

n (1 

a=2 

Si ® t2a-i, S2 ® t2a-i: Si ® t2a, S2 ® t2a and Si ® t2n+3, ^2 ® ^2n+3 are orthonormal 
sections oi E ® F = TG{2k,2n), they also give an orientation of E ® F. The 
curvature of E ® F are defined by 









—a; 


-Va 





\ 


/ 


Si 8 


) ^2a-l \ 


















S2 « 


) ^2a-l 




Va 








—X 






Si 


8)i2a 


V 





Va 







/ 


V 


S2 


®t2a 1 




Hence the Euler class of Grassmann manifold G{2, 2n + 3) is 



n+l 



e{TG{2, 2n + 3)) ^ e{E ® F) ^ x H {x^ - yl) = (n + l)e^''+\E). 

a=2 

The odd dimensional homology groups of Grassmann manifold G(2, 2n + 3) are 
also trivial, the even dimensional homology groups are one dimensional. The Euler- 
Poincare number is x(G(2, 2n + 3)) = 2n + 2. 

Similar to the case of G{2, 2n + 2), we have 

Theorem 5.4 (1) The Pontrjagin classes of F(2, 2n + 3) and TG{2, 2n + 3) can 
all be represented by the Euler class e{E{2, 2n + 3)); 

(2) e{TG{2, 2n + 3)) = (n + l)e^''+\E{2, 2n + 3)); 

(3) /G(2,fc+2) e\E{2, 2n + 3)) = 2, = 1, ■ ■ ■ , 2n + 1; 

(4) /cp. e\E{2, 2n + 3)) = (-l)^ A; = 1, ■ ■ ■ , n + 1. 

As is well-known, the Chern, Pontrjagin and Euler classes are all integral cocy- 
cles. Let D: H''{G{2, N),Z) H2N-4-k{G{2, N),Z) be the Poincare duality. The 
following theorem gives the structure of the integral homology and coholomogy of 
G(2,N). 

Theorem 5.5 (1) When 2A; + 2 < A^, [CP'^] and e''{E{2, N)) are the generators 
of H2k{G(2, N), Z) and H'^^{G{2, N), Z) respectively; 
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(2) When 2A; + 2 > A^, [G{2,k + 2)] and \e^{E{2,N)) are the generators of 
H2k{G{2,N),Z) and H^''{G{2, N),Z) respectively; 

(3) When 2A; + 2 < N, D{e^{E{2, N))) = [G{2, N - k)]; when 2k + 2 > N, 
D{\e^{E{2,N))) = (-l)'^-*=[CP'*-'=-2]; 

(4) [CP"], [CP') and i{(-l)'^e"(E(2, 2n + 2)) ± e(F(2, 2n + 2))} are generators 
of H2n{G{2, 2n + 2), Z) and H^''(G{2, 2n + 2), Z) respectively. Furthermore, 

D{^[{-1)V{E{2, 2n + 2)) + e(F(2, 2n + 2))]) = [CP% 



[(-l)"e"(^(2, 2n + 2)) - e(F(2, 2n + 2))]) = [CP"]. 

Proof As is well-known, the Euler classes and Pontrjagin classes are harmonic 

forms and are integral cocyles, their product are also harmonic forms, see [7], [13]. 
When 2k + 2<N, from /^pfe e^{E{2, N)) = {-i f we know CP^' G H2k{G{2, N), Z) 
and e^{E{2,N)) G H'^''{G{2, N),Z) are generators respectively. 
By simple computation, we have 

u\ 

e\E{2,N)) = --- <^^T---^T^2\ 



a = {e'{E{2, N)), e'{E{2, N))) = ^C%_2V{G{2, TV)), 



(27r)^ 



{N -k-2)\ ^ , 0N-k-2, 0N-k-2 

2(2vr)^-'^-%,<...^^,_,_, 

= \e''-^-\E{2,N)). 

By Theorem 3.1, \e^-^-^{E{2,N)) is a generator of H'^^-'^^-^{G{2,N),Z). By 
k{2,N-k) |e^-^-2(E(2, N)) = 1 we know that G{2, N - k) e H2N-2k-,{G{2, N), Z) 
is a generator and D{e^{E{2, N))) = G(2, N - k). These proves (1), (2), (3) of the 
Theorem. 

Let [Si], [S2] be generators of i?2n(G(2, 2n + 2),Z) and harmonic forms ^1,^2 
be generators of H2n{G{2, 2n + 2), Z), they satisfy jg. — Sij. There are integers 
Qij, riij such that 

/ e"(£;(2,2n + 2)) \ ^ ( rm ] ( ^1 ] 
[ e(P(2,2n + 2)) J [ 7121 7122 A 6 7 ' 

19 



(CP", CP") = (^1,^2) ( ] . 

Then 

f nu ni2 \ f an a,2 \ f (-1)" (-1)" ^ 

V 1^-21 y \ 021 022 y V ^ ~^ ) ' 

we have det {uij) = ±1 or det(ny) = ±1. 

Assuming det(nij) = ±1, then e^{E{2, 2n+2)), e(P(2, 2n + 2)) are the generators 
of H^''{G{2,2n + 2),Z), we can assume = e"(£;(2, 2n + 2)), ^2 = e(P(2, 2n + 2)). 
It is easy to see 

(e"(^(2, 2n + 2)), e(P(2, 2n + 2))) = 0, 

(e"(E(2, 2n + 2)), e"(^(2, 2n + 2))) = (e(P(2, 2n + 2)), e(P(2, 2n + 2))) = 2. 

By Theorem 3.1, ie"(E(2,2n + 2)), \e{F{2,2n + 2)) are also the generators of 
if2"(G'(2, 2n + 2), Z). This contradict to e'*(E(2, 2n + 2)), e(F(2, 2n + 2)) be the 
generators. 

Then we must have det(njj) = ±2 and det(ajj) = ±1. These shows CP", CP" 
are generators of //2n(G(2, 2n+2), Z), i{(-l)"e"(E(2, 2n+2)) + e(P(2, 2n+2))} and 
|{(-l)"e"(£;(2, 2n + 2)) - e(P(2, 2n + 2))} are generators of H'^''{G{2, 2n + 2), Z). 
The Poincare duals of these generators are easy to compute. □ 

Finally we give some applications to conclude this section. 

Let /: M —> be an immersion of an oriented compact surface M, g: M ^ 
G{2,N) the induced Gauss map, g{p) = TpM. Then e(M) = g*{e{E{2,N)) is the 
Euler class of M. Let [M] e H2{M) be the fundamental class of M. When TV 7^ 4, 
we have 

g,[M] = ^x(M)[G(2,3)] =x(M)[-Cpi] e 1/2(^(2, iV)). 

In [15], [16], we have shown there is a fibre bundle r: G{2, 8) = G{6, 8) with 
fibres CP^, where = {v e \ v ± ei = {1,0, ■ ■ ■ ,0)}, T-\e2) = {vAJv \ v e S^}, 
€■2 = (0, 1, 0, • • • , 0). On the other hand, the map f{v) = ei f\v gives a section of r. 
Let dV be the volume form on such that jge dV — 1. It is easy to see 

[rMy] = ie^(£;(2,8)) + ie(P(2,8)). 

Let if: M — > be an immersion of an oriented compact 6 dimensional manifold, 
g: M ^ G(6,8) = ^(2,8) be Gauss map. Then e(M) = ^*e(P(2,8)) is the Euler 
class of tangent bundle of M, e(T^M) = g*e{E(2,8)) is the Euler class of normal 
bundle of M. 

(r o gfdV = g*[\e\E{2, 8)) + ^e(P(2, 8))] = \ e\T^M) + \x{M) 
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is the degree of the map r o g: M — >■ S^. If is an imbedding, e{T-^M) = 0, see 
Milnor, Stasheff [12], p. 120. 

Let J, J be two complex structures on R'', with orthonormal basis ei, 62, 63, 64, 

Jei = e2, Je2 = — ei, Je^ — e^, Je4 = — 63; 

Jei = -62, Je2 = ei, Jes = 64, Je4 = -63. 
For any unit vector v = J2 ^iCi, we have 

vJv + *vJv — 6162 + 6364, 
vJv — *vJv — {Vi + V2 — — V^) [6162 — 6364) 

+2{viV3 + f 2^4) (6164 - 6263) + 2(^2^3 - ViV4){eie3 + 6264); 

vJv — *vJv — —6162 + 6364, 

VJV + *VJV = {-vf - vl + vl + vl) {6162 + 6364) 

+2(^1^3 - V2V4){eie4 + 6263) - 2{viV4 + V2V3){eie3 - 6264). 

These shows CP\ CP^ are two spheres in ^(2,4) ^ S^{^) x S^{^) where the 
decomposition is given by Hodge star operator. Let /: M be an imbedding 

of an oriented surface, g: M ^ G(2, 4) the Gauss map. Then we have 

9*[M] = \xiM)[G{2,3)] = -\xiM)[CP'] - ^x(M)[CP^]. 
See the work of Chern and Spanier [1]. 

§6. The case of ^(3, 6) 

The Poincare polynomial of ^(3, 6) is Pt{G{3, 6)) ^ 1 + + + To study 
the real homology and coholomogy of Grassmann manifold G{3,6) we need only 
consider the dimension 4 and 5. 

Let i: G(2,4) — > G(3, 6) be inclusion defined naturally. It is easy to see that 
!>i(£;(3,6)) =p,(£;(2,4)) = e\E(2,4)), then 



21 



As §2, let SLAG = {^(616365) | G e SU{3) C ^0(6)} be a subspacc of G(3, 6), 
Cj = G(ej),ej+i = G(ej+i) = Jcj be 5't/(3)-frame fields, i = 1,3,5. Restricting the 
coframes uj^ = (de^, cb) on SLAG we have 



•+i , = i,j = 1, 3, 5 and + + u;^ = 0. 

By the proof of Proposition 2.4, we have dVsLAG = 2^ \/3 ufufulufuj^ and V{SLAG) 
= \I\t^^- Let ^(3,6) be generated by either, locally, the first Pontrjagin class of 
canonical vector bundle £^(3, 6) is 

Pl(£;(3, 6)) = ^[(^^13)' + (^^15)' + (^^35)1, 

where VL^j = — X] <^fAa;", q; = 2,4,6. By computation we have 

a 

a = (pi(E(3,6)),pi(E(3,6))) = ^(^^(G(3,6)) = ^tt. 

Prom /g(2,4) Pi(-E'(3, 6)) = 2, we know that pi(£'(3, 6)) or |pi(£'(3, 6)) is a gener- 
ator of H\G{?,, 6), Z). If j9i(£(3, 6)) is a generator, by Theorem 3.1, \ *pi{E{?,, 6)) 
is a generator of H^{G{3, 6), Z), but 

, - *pi(E(3,6)) = / -^dVsLAG = l- 

ISLAG a JSLAG VGtT^ 2 

Then \pi{E{?,, 6)) is a generator of H\G{?,, 6), Z) and js^AG i * iPi(^(3, 6)) = 1. 
We have proved following theorem 

Theorem 6.1 (1) |pi(£'(3, 6)) G H'^{G{3, 6), Z) is a generator and its Poincare 
dual [SLAG] is a generator of H^i^G^S, 6), Z); 

(2) ^*pi{E{3,6)) G /J^(G'(3,6),Z) is a generator and its Poincare dual [G(2,4)] 
is a generator of H4{G{3, 6), Z). 

Let Ci, ■ ■ ■ , eg be a fixed orthonormal basis of R^, G G 5*0(3) acts on the subspace 
generated by 64, 65, cq, denote 64 = ^(64), 65 = ^(65), ee = G{eQ). As [7], let PONT 
be the set of elements 

71 

(costei + sin ^64) (cos te2 + sin ^65) (cos tes + sin teg), t G [0, — ]. 

PONT is a calibrated submanifold (except two points correspond to t = 0, |) of 
the first Pontrjagin form pi(G(3, 6)). By moving frame we can show 



Isi 



L 



Pi(G(3,6)) = 2 and V{PONT) = \llv{G{2,4.)) = ^n'. 

PONT V 3 3 
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Then 4-cycle PONT is homologous to the 4-cycle G(2, 4) inside G(3, 6). 

§7. The case of ^(3, 7) 

The Poincare polynomial of ^(3, 7) is Pt(G(3, 7)) = 1 + + 2^^ + t^"^. 

Let ei, 62, • • ■ , 68 be a fixed orthonormal basis of and R'^ be a subspace gener- 
ated by 62, • • • , eg. The oriented Grassmann manifold G(3, 7) is the set of subspaces 
of YC. 

Let E = E{3, 7) and F = F(3, 7) be canonical vector bundles on Grassmann 
manifold ^(3, 7). As §4, we can show 

p,{F) ^ -p^{E), p2{F)^e\F)^pl{E), e{E ^ F) ^ e{TG{3,7)) ^ 3e'{F). 
By /g(3,7) e(TG(3, 7)) = x(G(3, 7)) = 6 we have 




By inclusion G{2, 6) C G{3, 7), CP^ and CP^ can be imbedded in G{3, 7). 

Lemma 7.1 /cp2 pi{E) = f^. p,{E) = 1, /cp2 e{F) ^ - J^p^ e{F) = L 

Proof By pi(£;(3, 7))|cp2 = pi(£;(2, 6))|cp2 = e^{E{2,&))\cp^ and the results 
of §5, we have /cp2 Pi{E) — 1. The other equalities can be proved similarly. □ 

Then 

L l(ME) + eiF))^J^,lip.iE)-eiF))^l, 
L liME)-<n)-J^.lip.iE) + eiF))^0, 

hence CP^QP' e H4G{3,7)) and +6(F)), -e(F)) e //4(G'(3,7)) 

are generators. 

Let 62, 63, 64, • • • , 63 be oriented orthonormal frame fields on R^, G(3, 7) be gen- 
erated by 62 A 63 A 64 locally. Euler class of F and first Pontrjagin class of E can be 
represented by 

1 4 
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Lemma 7.2 (1) *pi{E) = l7i^pi{E)e{F), *e{F) = ^n^e^F); 

(2) (pi(i?),e(F)) = 0, a = {p,iE),p,iE)) = ln^ 6 = (e(F), e(F)) = vr^. 

Proof *pi{E), pi{E)e{F) and *e{F), e^{F) are the harmonic forms on G(3, 7). 
*Pi[E) = ^7i^pi(E)e{F) follows from the equalities such as 

^, ,5, ,5, ,6, ,6 _ , ,7, ,7, ,8, ,8, ,4 4 4 4 
*(x^2'^3'^2'^3 — '^2'^3'-*-^2'-*-^3'-*-^5'-'^6^7^8 
77884422 

— , ,'^1 fi, fi, A A ,3, ,3 

The proof of (2) is a direct computation. □ 

To study ^(3, 7), G(3, 8) and ^(4, 8), we shall use Clifford algebras. 

Let C£s be the Chfford algebra associated to the Euclidean space R^. Let 
61,62, •••,68 be a fixed orthonormal basis of R^, the Clifford product be deter- 
mined by the relations: ■ + ■ = —2Sbc: B,C = 1, 2, ■ ■ ■ , 8. Define the 
subspace V oi Cl^ by = Ct^'''^ ■ A.V ^ Clf'^ ■ A, where 

A = ^Re [(ei + ^^62) •••(67 + y^e8)(l + 61636567)]. 

The space V — V'^ © V~ is an irreducible module over Cis- The spaces V'^ and V~ 
are generated by eie^A and EbA respectively, S = 1, • • • , 8, see [14], [15]. 

Let Spinr = {G e SO{8) \ G{A) = A} be the isotropy group of 50(8) acting 
on A. The group Spin^ acts on G(2, 8), G(3, 8) and 5"^ transitively. G2 — {G e 
Spirij I G(ei) = ei} is a subgroup of Spirij. 

The Grassmann manifold G{k,8) can be viewed as subset of Clifford algebra 
Cis naturally. Then for any n G G{k,8), there is t; G R^ such that nA = eivA 
or ttA — vA according to the number k being even or odd, \v\ = 1. Thus we 
have maps G{k, 8) — > 5'''', tt 1— > v. Since Spinj acts on G(3, 8) transitively, from 
626364^4 = eiA we have 0(626364)74 = G{ei)A for any G G Spin-j. This shows the 
map r: G(3, 8) S'^, r(7r) — v, is a. fibre bundle and v ± tt, see [15], [16]. Let 

ASSOC = T-^(ei) = {tt G G(3, 8) | r{7r) = ei} 

be the fibre over ei. The group G2 acts on ASSOC transitively, we have ASSOC = 
(0(626364) I G G G2}. We can show the isotropy group {^(626364) = 626364 | G G 
G2} is isomorphic to the group -SO(4), then ASSOC ^ G2/S0{A). 

Change the orientation of R^, let A = ^Rc [(ei — -\/^e2)(e3 + \f^e4) • • • (67 + 
^^e8)(l + 61636567)]. Define submanifold ASSOC = {tt G 0(3,8) | ttA = ei} 
which diffeomorphic to ASSOC. 

Lemma 7.3 V{ASSOC) = |7rl 
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Proof Let ei, 62, ■ ■ ■ , es be Spin7 frame fields on R®, the 1-forms a;^ = (des, ec) 
satisfy (for proof, see [16] ) 

ojf + oj^ + ujI + LO^ = 0, ujf ~ UJ2 + uJe ~ ool ^ 0, 

Ujf + CU^ + Luf + Lul = 0, UJI-U2+ col -^4 = 0, 

+ co^ - - ul = 0, ul - 0U2 - oul + ouf ^ 0, 
+ a;| + u;^ + a;| = 0. 

Since Spin^ acts on G(3, 8) transitively, G{3, 8) is locally generated by 626364. The 
volume element of G(3, 8) is dVG(3,8) = ojIu;Iu;Iu;2Uj^ujI • • •a;fa;fa;|. 
Note that A can be represented by Spin-j frames, that is 

A = ^Re [(ei + ^^62) • • • (67 + v^e8)(l + 61636567)]. 

Let 61 = 61 be a fixed vector, ei, 62, • • • , 63 be G2 frame fields on R^, ASSOC is 
locally generated by 626364 and 

3 8 

d(e2e3e4) = X! ^tEia 

1=2 a=5 

= (^2(-^25 + -E'47) + <^2 (-^26 — -E'48) + <^2(-^27 — + (^2(-^28 + -£'46) 

+u;l{E35 + E^) + ujI{E^^ - E^5) + ^1{E^7 + ^48) + (^^as - £^47)- 

The metric on ASSOC is 

ds^ = 2(a;^)2 + 2(a;^)2-2o;2'cu^ + 2(cu2')2 + 2(cu3^)2-2cc)26cj3^ 

+2(0;^) 2 + 2{ujlf + 2a;^u;^ + 2{ujlf + 2(0;^)^ + 2a;^u;^, 

with the volume form 

^Vassoc = 9 ^l^l ■ ■ ■ ^l^l- 
The normal space of ASSOC in G(3, 8) at 626364 is generated by 

-E21, E^i, E41, E25 — Eij — Ess, E26 + -E'48 — £^37, £^27 + E45 + Esq, E28 — E4Q + £^35. 

The sphere S'^ is generated by ei, dV^? = ijj\uj\ • • - o;^ is the volume form. From 
(£27 + £45 + Esq) A = -SegA, £21^ = -62^, • • • , 
we can compute the tangent map of r: G(3, 8) — > 5*^, 

T*(£;27 + £45 + Esq) = -368, T^{E2l) = "62, • • • . 
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Then we can compute the cotangent map r* and we have 

T*dys-r = ojIujIujUujI - ujI + ujI){-ujI + a;f + ujI){ujI + ujI- ujI){ujI + ujI + ujD, 

and ^ 

dVG(3,8) = --^r*dVs7 ■ dy^-i(ei). 

Prom V{G{2,, 8)) = ^7^^ V{S'^) = i7^^ we have y(A,5,SOC) = |7rl □ 
Lemma 7.4 X4550C = X4550C Pi(E)e{F) = 1, 

Then A550C,A,5,50C and pl{E),pi{E)e{F) are generators of Hs{G{3,7)) and 
i7^(G(3, 7)) respectively. Furthermore, we have 

[G(2,6)] = + [ASSOC]. 

Proof Prom 

5566 77884444 ^ 

*U!2'^3'^2'^3\aSSOC = '^2'^3'^2'^3'^5'^6'^7'^8 U^SOC = ^dVASSOC, 

*0jIu}Iu}2UjI\ ASSOC = *'^2'^3'^2'^3 UsSOC = *'^2'^3'^2'^3 U^SOC = -dVASSOC, 

^, ,6, ,6, ,7, ,7 1 _ , ,5, ,5, ,8, ,8, ,4, ,4, ,4, ,4| _ r, 

*^2'^3'^2'^3 US50C — ^2'^3'^2'^3'^5'^6^7'^8 US50C — U, 

we have E *uj^uj^uj^ujI,\assoc = 8 ■ scIVassoc, 

*Pi{E)\assoc = ^ • 3 • 8 • ^dVAssoc- 
Then by = ^7i^pi{E)e{F), we have 

/ p,{E)e{F)=f l-^p,[E) = l. 

J ASSOC J ASSOC 477"= 

The proof of Jassoc Pii^) = 1 is similar. □ 

Change the orientation of R^, we have Euclidean space R^. Let E,F ^ G(3, 7) 
be canonical vector bundles with respect to R^. It is easy to see that E — E, but 
the orientations of F and F are different. These shows 

/_ pliE) = l, [ p,{E)e{F) ^ -1. 
Jassoc Jassoc 
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[G(2, 6)] = [ASSOC] + [ASSOC] 

follows from /^(2,6) Pi(^) = 2 and /g(2^6) pi(E)e(F) = 0. 

Theorem 7.5 (1) \{pi{E) + e(F)), — e{F)) are two generators of 

if^(G(3, 7), Z). Their Poincare duals are [ASSOC] and [AS'S'OC] respectively; 

(2) |(pi(E)e(F) + e2(F)), |(pi(E)e(F) - e2(F)) e //^^^(S, 7), Z) are generators 
and their Poincare duals are [CP\ [CP ] respectively; 

(3) i(pi(E)e(F) + e2(F)), \{pi{E)e{F) - e^{F)) and [ASSOC] are 
dual basis with respect to the universal coefficients Theorem. 

The proof is similar to Theorem 5.5. 

§8. The case of ^(3, 8) 

The Poincare polynomial of Grassmann manifold (7(3, 8) is 

Pt(G'(3, 8)) = (1 + + + t^) = 1 + + + + + 

Let = ^(3,8), F = F(3,8) be canonical vector bundles on G(3,8). By 
/cp2 Pi(^) = 1' X45SOC pU^) = 1 we know that 

[CP2] e i/4(G(3,8),Z), [^550C] e i/8(G'(3, 8), Z), 

p,(E) e i/^(G(3,8),Z), e H'{G(3,8),Z) 

are all generators. By Theorem 3.1, to understand the structure of the homology 
and coholomogy groups of dimension 7, 11, we need compute the Poincare duals of 

Pi{E), pI{E). 

It is not difficult to compute 

a^{p,{E),p,{E)) = ^^V{G{3,8)) = ^n^ 

Then - * pi{E) e H^^{G{3, 8), Z) is a generator, we look for a submanifold M such 
that/M l*Pi{E) = l. 

In §7 we define fibre bundle r: G{3, 8) — * S'^, r(7r) = v defined by it A = vA. 
As w ± TT, VTT e G(4,8) and vnA = -A. Let CAY = {n e G(4, 8) | nA = -A}, 
called Cayley submanifold of G(4,8). Then we have a fibre bundle fi: G(3, 8) 
GAY, TT 1-^ VTT, with fibre = G(3,4). Let ASSOC = {61626364 | 626364^ = eiA}, 
where ei = (1, 0, • • • , 0). Then M — n"^ (ASSOC) is a 11 dimensional submanifold 
of (7(3,8). 
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Let ei, 62, ■ • ■ , 68 be G2 frame fields on R*, ASSOC be generated by 61626364. 
Represent the elements of //."^ (61626364) by 626364, T(e2e3e4) = ei, then 

61626364 = 61626364. 

Let d(e2e3e4) = E cD/^a + E E CjfEi^, ds]^ = E {i^lf + E {Cjff be the metric 

1=2 i=2 a=5 i i,a 

on M. 

_ 4 4.8 

Let 61 = A161+ E Aj6j, dei = E ojlei+ E ^^fea and d(626364) = E ^^fEia- It 

1=2 i=2 a=5 i,a 

4 _ . 

is easy to see c^f = E K^f- E (^1)^ is the metric on the fibres of /i: M — > AS'S'OC 

and (d(626364), d(626364)) = E ("^i")^ is metric on ASSOC. From (ei^^ja, 6^3626364) 
— \^ap we have 

(eid(626364), (dei)e2e3e4) = ei^;^^, X] >^jUJje (3626364) = X] '^i^i')^- 

Hence 

X (cDf)^ = (eid(e2e3e4),eid(e2e3e4)) 

= (eid(626364) - (dei)e2e3e4, eid(62e364) - (dei)e2e3e4) 

= EK°)' + EK)'-2E(E 
- E - E (E 

Then the metric on M can be represented by 

dsl, = E (^D' - E (E A^c^D^ + E {^\r- 

i,a o. i i=2 

For fixed 626364 of M, we can choice G2 frame fields 61,62, •••,68 such that 
61 = Aiei + A262. By 

ul — —u\ — <^3, ijj\ = a;|, ijj\ = — a;3, = + a;J, 

we have 

We can show that /^s (1 + IX^^'^AVg^ = Stt^, then V{M) = |7r^ 

Lemma 8.1 1^ ^*Pi{E) = L Then [M] and *pi(£;) are dual generators 
of H8{G(3, 8) , Z) , H^(g(3, 8) , Z) respectively. 
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Proof By Theorem 3.1, the integration ^ * pi{E) is an integer. On the 
other hand 2'n-^pi{E) is a cahbration on G(3, 8) with comass |, see [7], then we have 



/ 



M a 



-*Pi{E) 



We need to show that Jj^^ ^ *pi{E) ^ 0. 

Let i: CAY ^(4, 8) be the inclusion, /x: G(3,8) CAY be sphere bun- 
dle associated to the induced vector bundle i*-E'(4, 8) — > CAY, e{i*E{4,8)) — 
i*e{E{A, 8)) G H^{CAY, Z) be the Euler class. The induced bundle {ioT)*E{A, 8) 
G(3, 8) has a nonzero section, [i o T)*e{E{4,8)) = 0. By Gysin sequence for the 
sphere bundle (7(3,8) CAY, we can show r^(i *pi{E)), (i*e(E(4, 8)))^ are two 
generators of H^{CAY), where n: H^^{G{3,8)f ^ H^{CAY) is the integration 
along the fibre. It is easy to see that Jy^^ssoc 8)))^ = 0. If we also have 

I ASSOC ^*i^*Pi{E)) = 0, then [ASSOC] = in Hs{CAY). This contradict to the 
fact i*[ASSOC] ^ 0. Then with suitable choice orientation on M, we have 

/ -*p,{E)= [ n{-*p,{E)) = l. □ 
Jm a J ASSOC a 

Finally we study the Hj{C{^, 8)) and H\C{^, 8)). Let /, J, K be the quaternion 
structures on = and Sp{2) the symplectic group. As we know Sp{2) can 
be viewed as a subgroup of SU{4) C S0{8), Sp{2) is a subgroup of Spin-j. Let 
/: S'^ ^(3,8), f{v) = IvJvKv. By leiJeiKeiA = 626364^ = eiA and Sp{2) 
acts on S''' transitively, we have IvJvKvA = vA for any v £ S'^ , T{f{v)) = v. 

Lemma 8.2 b = {j>l{E),pl{E)) = f . 

Proof By computation, we have 



i<j a</3<7<T 



P, fi, ,7, ,7, 



+ E E a;»fa;>7^,"c^M}, 
i, j,A; = 2,3,4, a, /3, 7, r = 1, 5, 6, 7, 8. 



Then 



b = = ^(9 • 3 • + 3 • C| • Cl)V{G{3, 8)) = | □ 

pKE) is a harmonic form, by Theorem 3.1, I * pl{E) e H'^{G{3,8),Z) is a 
generator. 
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Lemma 8.3 | Jg? f**p\{E) = 1. Then [f{S'^)] and l*pl{E) are dual generators 
of Hr{G{3, 8), Z)," H^{G{3, 8), Z) respectively. 

Proof Let 61,62 = /6i,63 = J6i,64 = 7^61,65,66 = le^jCj = Je^,e^ = Ke^ 
be Sp{2) frame fields on R^, /(ei) = 626364. The 1 forms a;" = (d6i,6Q), i — 
1, 2, 3, 4, a — 5, 6, 7, 8, satisfy 

/ 7 — / ,8 _ , ,5 _ , ,6 , ,8 _ , ,7 _ , ,6 _ , ,5 

We have 

*a;2'^|a;2'^3a;2'^Ja;2'^3 1/(57) a;2'^3a;la;|a;2a;Ja;||/(57) = ujIujIujIujIujIuj\ujI = dV^r, 

^, ,1/ ,1/ ,6, ,6, J, J, ,8, ,81 , ,5, ,5, ,5, 1, ,e, J, ,81 n 

*a;2a;3a;2a;3a;2<^3'^2'^3l/(S7) = -'^2'^3'^4'^4'^4'^4'^4l/{S7) = U, 

*ci;^cc;3CJ2^^3u;2a;Ja;2Cc;4 1/(57) = ujlujlujlu;lu;lu;lujl\f(^s^) = dV^r, 

,1, ,1, ,6, ,6, ,7, ,7, ,8, ,81 , ,5, ,5, ,5, ,1, ,6, ,7, ,8| n 

*a;2a;3a;2a;3a;2a;4a;2a;4|/(57) = -a;2a;3a;4a;4a;4a;3a;3|/(57) = (J, • • • . 



Then 



* pI{E) = ^ . -L(3 . 3 + 3 . 2)dV^57 = -^dy^., 



2 
5 



J^^ r*pl{E) = i. □ 

Obviously, we also have //(57) T*;^dV57 = 1, then 



[T*^dV-57] = ^*p?(£;)ei/^(G(3,8)). 



Theorem 8.4 (1) The Poincare dual of pi(£^) is [M] and the Poincare dual of 
^*p,{E) is [CP']- 

(2) The Poincare dual of P2{F) = p\{E) is [f{S'^)] and the Poincare dual of 
1*pI{E) is [ASSOC]. 



§9. The case of G{A, 8) 

Let E — E{A, 8), F — F(4, 8) be canonical vector bundles on Grassmann mani- 
fold ^(4,8). We have 

p^{G{4, 8)) = 1 + 3t^ + At' + 3t'' + 
e{E)e{F) = 0, pi{E) = -pi(F), p^iE) = 62(£;), p2(F) = e'{F), 
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pI{E)^P2{E) +P2{F), pi{E)p2{E) ^ pi{E)p2{F) = ^p^E), 

pl{E)e{E) = e^E), p\{F)e{F) = e%F). 

By the method used in §4, we can show e{E ® F) = 6e'^{E) = 6e*^(F). Then by 
/g(4,8) e{E ® F) = x{G{4, 8)) = 12, we have 

/ e\E) = f e\F) = 2. 

2 

We first study 4 and 12 dimensional cases. As we know CP2,CCP ,(7(2,4) 
can be imbedded in G{A, 8) as submanifolds. Under the map *: G(4, 8) — > ^(4, 8), 
*CP^ is a submanifold of G(4, 8). The following table computes the integration of 
the characteristic classes on the submanifolds of G(4, 8). 





CP' 




G(2,4) 


e{E) 





1 





c{F) 


1 








Pi{E) 


1 


-1 


2 



Note that det 1 = — 2, as proof of Theorem 5.5, we can show 
Vl -1 2^ 

e{E),e{F),pi{E) e H\G{A,8),Z) or CP^,*CP^,G{2,A) e H^{G{4,8),Z) are gen- 
erators. 

By Proposition 2.2, y(G'(4, 8)) = ifs^r^ and we can compute 

a = {e{E),e{E)) = (e(F),e(F)) = l{p^{E)ME)) = ^7^^ 

(e(i?),e(F)) = ieiE),p^iE)) = (e(F),pi(i?)) = 0. 

In last section we have Caylcy submanifold CAY = {vr G G{A, 8) | nA = —A} of 
G(4, 8). The Lie group Spin-j acts on CAY transitively. Let ei, 62, ■ ■ ■ , eg be Spini 
frame fields on R^, then CAY be generated by 61626364. By the equations hsted in 
the proof of Lemma 7.3, we have 

d(eie2e3e4) = ^u^Ei^ 

= UjI{Ei5 + E^s) + UjtiEie + F47) + ^!(^17 - ^46) + CUl(^18 - ^45) 
+UJ2{E25 + -E47) + t^2(-^26 — -^43) + ^2(^^27 — + C^2(-^28 + E^q) 

+UjI{Es5 + ^46) + ^l{E3Q - F45) + C^3(^37 + ^48) + ^^3(^88 " ^47)- 
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Then the induced metric is 



{uf - u^,f + {ul + ulf + {col - 
+(u;l - ulf + (col - u^lf + {u^l + u^lf 



By {ul - + uDiu:'^, - = 2ululul, 



we get 



As shown in [7], 27T^pi{E) is a cahbration on G(4, 8) with comass | and CAF is 
a cahbrated submanifold of 27r^ then 

3 

27:^ * Pi{E)\cAY = 2^VbAy- 

By triahty transformation, we can show that CAY is isometric to G{3,7), then 
V{CAY) = V{G{3, 7)) = ^. These shows 

JcAY 2a Jc 



CAY 



45 
32^ 



d\/r 



1 

2' 



By Theorem 3.1, e(£'), e{F),pi{E) can not be generators of i7^(G(4, 8), Z). We have 
proved 

Lemma 9.1 CP^, *CP^, G{2, 4) are the generators of i/4(G(4, 8), Z), the dual 
generators are the first column in the following table. 





CP'' 




^(2,4) 


c(E) 





1 





e(F) 


1 








i{p,{E) + e{E) - e{F)) 








1 



The inner product of e{E), ^{pi{E) + e{E) — e(F)) form a matrix 



47r^ 

Is" 



1 

-1 1 




Lemma 9.2 (1) *e(£;) = '4e\E), *e(F) = ^e3(F), *p^{E) = 

(2) i(e=^(£;) - \pI{E)1 \{e\F) + \pl{E) e H'^G{A, 8), Z) are the gen- 



erators. 
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Proof *e{E),*e{F),*pi{E) and (E) , (F) , pl(E) are two generators of the 
coholomogy group H^^{G{A,8)), they are all the harmonic forms on G(4, 8). Then 
e^{E),e^{F),pl{E) can be represented by *e{E) , *e{F) , *pi{E) . Assuming e^{E) — 
A * cIe) + * e(F) + u*pi(E), by e(F) A *e{E) = 0, e(F) A *pi{E) = 0, we have 
II — 1/ — 0, 

r r A-K^ 

2= e(E)Ae^(E) = X e(E)A*e(F) = X . 

Jam ^ ^ ^ ^ 70(4,8) ^ ^ ^ ^ 15 

Then *e{E) = ^e^'{E). The other two equalities can be proved similarly. 
Then 

{*e{E), *e(F), *^{pi{E) + e{E) - e{F)))A-' 

= ilie^E) - IpI{E)), \{e\F) + \pl{E)). □ 

Lemma 9.3 The following table compute the integration of the characteristic 
classes on the submanifolds of G(4, 8). 





G(4,7) 


G(3,7) 


CAY 


e^{E) 


2 





-1 


e^{F) 





2 


1 


P\{E) 








2 



Proof The first column follows from 1^(4 7) 6^(^(4, 8)) = 7) 6^(^(4, 7)) = 2 
and e(F(4,8))|G(4,7) = 0, pl{E) = 2pi{E)p2{F) = 2pi{E)e'^{F). The second column 
can be proved similarly. For third column, we have proved ^cay ^*Pi{E) = |, then 
IcAY Pi{E) = 2. By compute *e(£;)|cAy, *e(F)|cAy, we can show /^.^y e^{E) = -1 
and JcAY e^{F) = 1- □ 

Theorem 9.4 (1) e{E), e{F), l{pi{E) + e{E) - e{F)) e H\G{A, 8)., Z) are the 
generators, their dual generators are [CP^], [*CP^], [G(2,4)] e (^(4, 8), Z); 

(2) |e3(E), ie3(F), IpI{E) and [G(4, 7)], [^(3, 7)], [CAY] are the generators of 
H^\C{4, 8), Z) and ifi2(G(4, 8), Z) respectively; 

(3) The Poincare duals of e{E), e(F), ^{pi{E) + e{E) - e{F)) are 

[G(4, 7)], [G(3, 7)], [CAY] + [G(4, 7)] - [^(3, 7)] 

respectively. 

Proof By Lemma 9.2, \{e^{E) - \pl{E)),\{e^{F) + \p\{E)),\p\{E) are the 
generators of H^'^{G{4., 8), Z). Then \e^{E), |e^(F), |p?(-£;) are also the generators 
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By Theorem 3.1, we can compute the Poincare duals of 

By Theorem 9.4, ^{pi{E) + e{E) - e{F))e{E) = \{pi{E)e{E) + e^{E)) and 
|(pi(E)e(F)-e2(F)), \{p^{E)e{E) - e^E)) , ^{pi{E)e{F) +e\F)) are integral co- 
cycles. The submanifolds ASSOC, ASSOC defined in §7 are also the submanifolds 
of ^(4,8), then *ASSOC, * ASSOC are submanifolds of ^(4,8). The following 
table can be proved by Lemma 7.4. 





ASSOC 


ASSOC 


*ASSOC 


*ASSOC 


^,{e\F) + p,{E)e{F)) 


1 











^,{e^{F) - p,{E)e{F)) 





1 








^(cHE) + pAE)c{E)) 








1 





i{e\E) - p,{E)e{E)) 











1 



Theorem 9.5 The characteristic classes 

\{e\F) +p,{E)e{F)), l(e2(F) -p,{E)e{F)), 

^-{e\E) +p,{E)e{E)), ^-{e'{E) - p,{E)e{E)) 
are the generators of H^{G{4, 8), Z). Their Poincare duals are 

[ASSOC], [AS^OC], [* ASSOC], [^AS'SOC] 

respectively. 

Proof To see the Poincare dual of { = i(e^(^) + PiiE)e{F)) is ASSOC, we 
want to show that for any rj G H^{G{A, 8)) we have iciAfi) ^ = S Assoc V- We 
can take rj = i(e^(F) ± pi{E)e{F)), ^{e^{E) ± pi{E)e{E)) to verify this equation. 
□ 

By R8 = R3 e R5, we see the product Grassmann ^(2,3) x ^(2, 5), ^(1, 3) x 
G{3, 5) can imbedded in G(4, 8) and we have 





G(4,6) 


G(2,6) 


G(2,3) X G(2,5) 


G(l,3) X G(3,5) 




2 











e\F) 





2 








Pi{E)c{E) 








1 





Pi{E)e{F) 
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Then 

^(4,6), ^(2,6), G{2,3) x G{2,5), G{1,3) x G{3,5) e H8{G{4,8),K) 

and 

e\E), e\F), pi{E)e{E), p,{E)e{F) e i/«(G(4, 8), R) 
are also the generators. 

As apphcation, we consider the immersion f:M^ of a compact oriented 4 
dimensional manifold, g: M ^ G(4, 8) be its Gauss map. From following table 





G(4,5) 


G(l,5) 


G(2,4) 


e{E) 


2 








e{F) 





2 





Pi{E) 








2 



we have 

g,[M] = \x{M)[G{A, 5)] + A[G(1, 5)] + \sign{M)[G{2, 4)], 

where A = | e(F(4, 8)) and Sign{M) be the Signature of M. A = if / is an 
imbedding. 

If g is the Gauss map of immersion of in R^ or R^, we have 

g4M] = ix(M)[G(4,5)] + ^Szgn{M)[G{2A)]. 



§10. The cohomology groups on ASSOC 

The submanifold ASSOC G2/S0{A) of Grassmann manifold G(3, 7) is im- 
portant in theory of calibration, see [7], [9]. In [4] Borel and Hirzebruch studied 

the characteristic classes on homogenous spaces, they computed the cohomology 
of ASSOC . In the following we use Gysin sequence to study the cohomology of 
ASSOC. 

As §7, let G(2, 7) and G(3, 7) be Grassmann manifolds on R^ C R^ generated 
by 62, • • • , eg, and S^ C R^ the unit sphere. There is a fibre bundle ti. G(2, 7) — > 5"^ 
defined by t^A — EivA, Ti(7r) = v, where A e Cl^ is defined in §7. For any G e G2, 
we have the following commutative diagram 

^(2,7) G(2,7) 
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The fibre rf ^(es) = {vAJv\veS^, v ± 62} ^ CP^, see [16]. 

Then for any tt G G(2, 7), v = Ti(7r), v A tt e This defines map 

T2: ^(2, 7) ^ A,S,50C, TT ^ -y A TT. 

For any 626364 G AS'.S'OC, 626364A = CiA, then r2(6364) = 626364. This shows 

Lemma 10.1 T2: G{2, 7) ^ ASSOC is a fibre bundle with fibre G(2, 3) = S^. 

Let i: ASSOC — > 0(3, 7) be inclusion. It is easy to see G(2, 7) isomorphic to 
the sphere bundle S{E) = {v e E, \v\ = 1} of the induced bundle E = ^£"(3, 7). 
Let e(£;(3,7)) e H^{G{3,7),Z) be the Euler class of E{3,7), 2e{E(3,7)) = 0, see 
[12] p.95-103. Then e{E) = re(£;(3,7)) e H^{ASSOC,Z) is the Euler class of 
the induced bundle E. There is a Gysin exact sequence for the sphere bundle 
G{2, 7) ^ ASSOC, 

Hi{ASSOC) H'i{G{2, 7)) ^ H^-^ASSOC) 
H'i+\ASSOC) ^ H'i+\G{2, 7)) 

where T2* is the integration along the fibre. The coefficients of the cohomology 
groups can be R, Z or Z2. 

Lemma 10.2 e{E) = i*e{E{3, 7)) ^ 0. 

Proof The map r2*: Hi{G{2,7),Z) H''-^( ASSOC, Z) is the integration 
along the fibre. Let 61, 62, 63, ■ ■ ■ , 65 be C2 frame fields, 0(2,7) is generated by 
6364 and r2(6364) = 626364. Then the Euler class of vector bundle E{2,7) can be 
represented by 

e{E{2, 7)) = ^ujI AujI + ^Y. ^3 A uj^ 

a=5 

and a;| A a;| is the volume element of the fibre at 6364. Then T2*(e(£^(2, 7)) = 2. 

By Gysin sequence, the map T2*: H^{G{2,7)) (ASSOC) is surjective 

if e{E) = 0. These contradicts to the fact T2*(e(£;(2, 7)) = 2 and e{E{2,7)) e 
H^{G{2, 7), Z) be a generator. □ 

Then 6(£^(3, 7)) is also nonzero and a torsion element of H^{G{3, 7), Z). 

Theorem 10.3 The cohomology groups of ASSOC are 



H'l {ASSOC, Z2) 




= 0,4,8, 

H'l (ASSOC, Z)^{ Z2, g = 3, 6, 

= 1,2,5,7; 
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H%ASSOC,K) ^ [f- l = m 

Proof G{2, 7) is a Kaehler manifold, the coholomogy of G{2, 7) is generated by 
Euler class e{E{2, 7)). We prove the case of Z2 coefficients, the other cases are left 
to the reader. 

By Gysin sequence, we have 

= H-\ASSOC) ^-^^ H\ASSOC) ^ H\G(2, 7)) = 0, 

= H-\ASSOC) ""-^ H\ASSOC) ^ H''{G{2, 7)) ''^^ H^ASSOG) 
^-^^ H' (ASSOC) ^ H\G{2, 7)) = 0. 

These shows H\ASSOG) = and H^{ASSOG) ^ H^{G{2,7)), H^{ASSOG) ^ 
H^ASSOG). By 

= H\ASSOG) ""-^ H\ASSOG) ^ H\G{2, 7)) ^ H\ASSOG) 
and = 0: H\G{2, 7), Z2) ^ H^ASSOG, Z2), we have 

H^{ASSOG) ^ H^{G{2,7)). 
The cases of g = 5, • ■ ■ , 8 can be proved similarly or by Poincare duality. 
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